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Abstract 

Let be the n-dimensional hyperbolic Brownian motion, that is the diffusion on 

the real hyperbolic space D” having the Laplace-Beltrami operator as its generator. The 
aim of the paper is to derive the formulas for the Gegenbauer transform of the Poisson 
kernel and the Green function of the ball for the process {Xt)t^o- Under some additional 
hypotheses we give the formulas for the Poisson kernel itself. In particular, we provide 
formulas in and B® spaces for the Poisson kernel and the Green function as well. 
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1 Introduction 


Investigation of the hyperbolic Brownian motion is an important and intensely developed topic 
in recent years (cf. |Y3j . |B,lj h On the other hand, it is well known that the Poisson kernel 
for a region is a fundamental tool in harmonic analysis or probabilistic potential theory. In 
the classical situation of the Laplacian in the exact formula for the kernel leads to many 
important results concerning behaviour of harmonic functions. Moreover, probabilistic potential 
theory uses Poisson kernel techniques to hnd solutions to the Schrodinger equation (inEzi). 
Availability of the exact formula for the kernel is often of crucial importance for the argument. 

In the case of half-spaces in the model H” of real hyperbolic spaces (or, equivalently, the 
region bounded by a horocycle, in D”) the form of the Fourier transform of the corresponding 
Poisson kernel is known for some time (see Em and jEnEi). However, in many applications the 
resulting Fourier-Hankel inversion formula is of little use. A satisfactory integral representation 
of the Poisson kernel in this case, along with the resulting analysis of the asymptotic behaviour, 
was given in (BGSj . 

The aim of this paper is to provide the Gegenbauer transform for the Poisson kernel and 
Green function of a ball in the real hyperbolic space Next, we determine the formula for 
the Poisson kernel itself; hrst - as a series representation, and, in some cases - as an explicit 
integral formula. Results presented here are not that complete as in [BGSj ; they depend on the 
properties of a hypergeometric function Fk, which appears quite naturally in the Gegenbauer 
transform of the Poisson kernel. 

Although we are motivated here by the paper |Wj . where the Gegenbauer transform of the 
joint distribution of hitting time and hitting distributions for the ball in the case of classical 
Brownian motion in M"" was found, there were very substantial difficulties to adapt the above 
approach to the present situation. 

We also provide explicit formulas for Poisson kernel and Green function in and D®. 

The paper is organized as follows. In Section 2, after some preliminaries, we apply stochastic 
calculus to write a ’’polar” decomposition of the hyperbolic Brownian motion on D”. It is the 
starting point to obtain, in Section 3, the basic formula for Gegenbauer coefficients of the cosine 
between the axis determined by the process and the starting point x ^ 0 (see Theorem I3.1|l . 
We again use here the stochastic calculus; more specifically Feynmann-Kac technique and the 
relation with the appropriate Schrodinger equation. The series representation theorem of the 
Poisson kernel is the main result of this section. 

In Section 4, in Theorem EH we provide Gegenbauer coefficients for the Green function 
of the ball, restricted to a suitable sphere. In the next theorem we write series representation 
theorem for the Green function of the ball. Remark that although the Poisson kernel deter¬ 
mines uniquely the Green function (by sweeping out formula), the substantial computational 
complexity forces us to find an alternative approach. 

In Section 5 we try to describe an explicit integral representation of Poisson kernel. It turns 
out that all depends on the properties of the hypergeo metric function F^. Gonditions sufficient 
to obtain the desired representation are collected in Gonjectures 15.11 and 15.21 Ghecking the 
conditions imposed on the specific hypergeometric functions F^ we exhibit the exact form of 
this representation for and D®. In general, the validity of this conjecture depends on the 
location of roots of F^, with respect to the (complex) variable k, which seems to be a difficult 
problem. We also provide explicit formulas for the Green function of the ball for and D®. 
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2 Preliminaries 


We begin with some basic informations about hypergeometric functions and Gegenbauer poly¬ 
nomials, needed in the sequel. This part of the material is standard and can be found, e.g. in 
[E] . After that we identify Brownian motion in real hyperbolic spaces, in terms of Stochastic 
Differential Equations (SDE). We then discuss briefly properties of the heat kernel on hyper¬ 
bolic spaces, following approach presented in the monograph of E. B. Davies m- In the end we 
obtain a kind of ’’polar” decomposition of the hyperbolic Brownian motion, in terms of SDE. 

We denote here by {x,y) the standard inner product of x,y E M"' and by |x| the Euclidean 
length of a vector x. The sphere with center at 0 and the radius r is written as = {x G i?" : 
|x| = r}. The (n — l)-dimensional spherical measure on Sr will by denoted be ar- Put 


27r2 


^n—1 


r(f)’ 


n = 1,2 ,... 


It is the total mass of the associated {n — l)-dimensional spherical measure of the unit sphere 
Si- Note that for n = 1, S'! is a two-point set and its 0-dimensional measure is equal to the 
counting measure by an accepted convention. For the rest of the paper we assume that n > 2. 

We will denote by F(a,/ 3 ; 7 ; z) the hypergeometric function of variable z with parameters 
a,/ 3 , 7 . For \z\ < 1 and a,/ 3 ,'y G C, 7 7 ^ 0, —1, —2,... the function F is dehned by the 
hypergeometric series 


i=0 




where {a)i = r(Q! -|-i)/r(a) is the Pochhammer symbol. We shall supplement the dehnition 
in the case a = —I and 7 = —m where / = 0,1, 2, ..., and m = /, Z -|- 1, Z -|- 2, .... Then it is 
customary to dehne 

i-iWk 


FH, ft-»;.) = 5; 


1=0 


2 ; . 


To simplify our notation we put p = and dehne 


n 


Fk{z) = F{k,-p-,k + -^z), 


and for Zc > 0 or n /2 ^ N 


n 


Gkiz) = F{-p, 2-k-n]2-k- -]z). 


When Zc = 0 and n is an even number greater than 2 we put 

_l)m 


n—2 

Go{z) = p ^ 

i=0, i^p 


n — 2 
i 


i-p 


-S + p 


n — 2 
P 


n 

(—1) 2 2 ;^ log 2 ;. 


The general solution of the hypergeometric equation 

2;(1 — z)u" + (7 — (a -f- /3 -|- 1)2;)m' — ajSu = 0 
for a = Zc, /3 = —p and 7 = Zc | is given by 


C 2 


Cl ■ Fk{z) + ■ Gk{z), 


( 1 ) 
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where ci, C 2 are constants and fc = 0 , 1 , 2 , .... Observe that Fk{z) is bonnded and z~^~^Gk{z) 
(the second solntion of ((T])) is nnbonnded on the interval (0, a] for every a G (0,1). It follows 
from the fact that the fnnctions F^i^z), Gk{z) are continnons on [ 0 ,a]. 

We also have 


Proposition 2.1. 

{k + p)F,{z)Gk{z) + zFl{z)Gk{z) - zFk{z)G'^{z) = {k + p){l - zy-^ (2) 

Proof. Let denote by u{z) the fnnction on the left-hand side of (ED- Using the hypergeometric 
eqnations which are satisfied by F^ and Gk we find that (1 — z)u'{z) = (2 — n)u{z). We can also 
show that m(0) = k + p. So the desired eqnality follows. The details are left to the reader. □ 

Gegenbaner’s polynomial G^\z) for integer valne of k and n > 0 is defined to be the 
coefficient of in the Maclanrin expansion of (1 — 2zh -|- considered as a fnnction of h. 

So we have 

OO 

{l-2zh + hy-^ = ^G'y\z)h\ 1^1 ^ l,|h| < 1. 

k=0 

Observe that Gq^\z) = 1, for all n > 0. For n = 0 it is cnstomary to take Gq^\z) = 1, Gj^\z) = 

lim^^o ^ where is fcth Chebyshev polynomial defined by Tk{cos(j)) = cos(n0). 
One of generating fnnctions for is given by 

OO 

log(l - 2zh + = 2 k-^n{z)h\ 

k=l 

We also have the following trigonometric expansion of G^\cos(j)): 


T{v 


'^Gi'’\cos(j)) = 


k 

E 

1=0 


T{1 -F v)T{k — l + v) ^ 


l\{k-l)\ 


which gives 

(cos0)1 ^ G^"^(l), 0 G [ 0 , 7 r]. (3) 

Note that = r(/c -|- 2n)/(A;! r(2n)). We recall the orthogonal relations of Gegenbaner 

polynomials 





x‘^y 2(ia; 


2 ^-^^ 7 rr(fc + 2v) 
k\{y + k)T{vy 


In the special case for v = p, nsing the well known relation for gamma fnnction 


2^^-^T{z)T{z + -) = Vf^T{2z), 


we obtain 


I ^cjf\x)cy’{x){i-xy'‘Fdx = Ski-^^-Gy’{i) 


kp)/ 




^n-2 


( 4 ) 


Note also that the polynomial G^'^ {z) is a solntion of the Gegenbaner differential eqnation 

{z‘^ — l)a;'' -|- (2n - 1 - l)zuj' — k{k -|- 2n)a; = 0. (5) 
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Now, we introduce some basic information about measures (functions) on spheres and their 
Gegenbauer transforms. For more details see 1X3 and IE|. 

We say that a hnite Borel measure /r(-) on sphere Sr is axially symmetric (AS) with axis 
X G M”' if y{UA) = y{A) for each Borel set A and each orthogonal transformation U such that 
Ux = X. The definition of AS functions is similar. For AS measures we define its Gegenbauer 
coefficient yk by 

Ck\l)tik= f Cl^\cose)y{dy), 

k) Sr 

where 6 = ZxOy if a; 7 ^ 0 and 6 = AuOy, for arbitrary but fixed nonzero vector m, in case x = 0. 
We will use the following property of Gegenbauer transform: 

Theorem 2.2. The AS measure y is uniquely determined by its transform 

Glearly, the same is true for AS functions, i.e. any AS function is uniquely determined by 
its Gegenbauer transform. 

Gonsider the ball model of the n-dimensional real hyperbolic space 

D” = {x e : |x| < 1 }, n> 2 . 


The Riemannian metric and the distance formula are given by 

7^2 _ \dx\^ 

(1-|X|2)2’ 

cosh( 2 (i(x, j/)) = 1 + 


( 6 ) 


2| 

X -7/p 

(1- 

X 

P)(l-Il/P) 


The canonical (hyperbolic) volume element is given by 

dVn. — 


(1 — |x|2)’' 


Gonsider the following system of SDE: 

dXu{t) 


l-|X(f )|2 
For / G by ltd Formula we obtain 

n ft 


= dBk{t) + 2{n — 2)Xk{t)dt, k = 1,... ,n. 


i=l Jo ^ i=l Jo 


f{Xt)-f{Xo) = 


dxf^ 


d{XJ){s) 


n ft 


E 

i=l 

n 

E 


A 

lo dxi 


n ft 


(l-\X(,,)\^)dBM + 2 (n- 2 )Y, I 


i=l 


dxi 


to 


n rt 


dV 


-I JO fc? 


(1 - |A'(s)|^)^* 


Here B = (i?i,..., B^) denotes the standard Brownian motion with scaling such that EBl{t) = 
2f, k = 1,... , 77 ,. Thus, the generator of the process X{t) determined by the above system of 
SDE is given by 

02 a 

Ab = {1- \x\^f ^ - 2)(1 - \x\^)J2^i 


2=1 


2 = 1 


dxJ 
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and is the canonical Laplace - Beltrami operator associated with the Riemannian metric 
Since the Laplace - Beltrami operator commntes with isometries acting on D”, the heat kernel 
kn, i.e. the transition density of the hyperbolic Brownian motion is a fnnction of the (hyperbolic) 
distance d{x,y). Fix a G and denote p{x) = d{a,x). We have the following explicit form of 
the heat kernel k 2 {t,p) on the hyperbolic disc (see |D]L 


h{t,p) 


25(47rf) 


-3/2e-t 


se ds 

(cosh( 2 s) — cosh(2p))^/2 ’ 


while on we obtain 


k3{t,p) = 2(47rf)-3/2e-4*-^'/^L 


P 


sinh( 2 p) 

In higher dimensions we have the following recursion formula: 


knit,p) 


PI {2n-x)t r fcn+i(t,A) sinh(2A)dA 
Jp (cosh ( 2 A) — cosh ( 2 p ))^/2 


( 7 ) 


We now show that the hyperbolic Brownian motion on is transitive for n ^ 2 (see, e. 
g. (DEI), a fact which is widely known; we include it for the reader’s convenience. For this 
purpose it is enough to show that the potential Un{z) < cxo, for almost all 0 < 2 ; G M. A direct 
computation on yields 

poo 

U 2 {p) = / fc 2 (^, p) <7^ = V^( 47 r)“Mncoth(p). 

Jo 


Note that kn is the density function with respect to the canonical hyperbolic volume element 
dVn. 

The hyperbolic Brownian motion process on D” with the measure dVn as the reference 
measure hts into context of the so-called ’’dual processes” and their potential theory (see EDI. 
ch. VI). From this theory it follows, in particular, that single points in ©" are polar, whenever 
we show that the potential kernel Un{p) < 00 , for p > 0. Indeed, by Proposition 3.5, Ch. 
II, in |BGj we obtain that {a} = {Un{p) = cxo} is polar if and only if it is null (of potential 
0). This last condition is obviously satished whenever there exists almost everywhere hnite 
potential kernel Un- Thus, the Brownian motion on ©^ does not hit single points, a.s. For 
higher dimensions we use recursion formula o to obtain: 


sinh( 2 A) f/n+i(A) 


dX = 


sinh(2A) 


Jp (cosh(2A) — cosh( 2 p ))^/2 (cosh(2A) — cosh( 2 p ))^/2 j 

poo poo 

_ 2-1/2 / e~^‘^"'~^'^^kn{t, X) dt ^ 2“^/^ / kn{t,X) dt = 2~^^‘^Un{X). 

Jo Jo 

By induction, we obtain for n ^ 2 

Un{p) < 00 a.e. 


kn+iit, A) dt dX 


( 8 ) 


For the hyperbolic Brownian motion Xt let x = W(0) be the starting point. We dehne the 
following two processes : 

= = ■l>.^cosZiOJC,= i"'; y*/)) . (9) 

We always assume that x 7 ^ 0. Then also X{t) 7 ^ 0, a.s. (see (jHl)). Thus, is well dehned 
almost surely. 
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Proposition 2.3. The process (-R(t), ^{t)) satisfies the following system of stochastic differen¬ 
tial equations: 


dR(t) = 2(1 - R(t)) fi/R(t)<m\{t) + {{n-i)R{t)+n)dt\ 


( 10 ) 


where Wfif)^ W 2 {t) are independent Brownian motions on M with variation 2t. 


Proof. We define 


Wfit) = 
W2{t) = 


+ 




■/W) 


■(*(•)<!) 






1-*•"(«)/ 


Xi 


l($(s)=i)d-B(s), 


|a;||X(s)|3 J 


where B{t) is classical Brownian motion on R (with variation 2t) snch that Bi{t),, B 2 {t), B{t) 
are independent. It is clear from the dehnitions and property of the ltd integral that Wi{t), 
W 2 (t) are local martingales. We also have 


d{W^,W,){t) 

d{W2,W2){t) 


d{Wi,W2){t) 


Ei. A?(«) 


R(t) 


-(#(s)<l) 


2dt = 2dt, 


R(t) 


E 


i-i>^(<)t('VkP|A(i)P 


Xt 


2xiXi{t) (x,X(t)) 


|x|2|X(t)|4 


Xf(t) {x,X{t)f 

|a;|2|X(t)|6 


2dt + l($(t)=i)2(it = 2dt, 


1, a7(«)(i,a'(())\ 

.(„„<1)(1 4 (()) |i||A'(«)P j2<i(-0. 


So hhi(t), W 2 (t) are independent Brownian motions on R. Using 0 and ltd Formnla we get 


dR{t) = + 

i=l i=l 

( n n 

E Xfif)dBi{f)+2{n-2)^X1 {t)dt + n{l-\X{f)\^)dt 

i=i i=i 

= 2{l-R{t)) (^^/W^dWl{f) + {{n-4:)R{t)+n)dt^ . 

For the fnnction giij) = we have 

dg _ Xj {x,y)yi d‘^g _ XjPi (x, y) {x, y)yf 
dyi \x\\y\ \x\\y\^' dyf \x\\y\^ \x\\y\^ \x\\yfi 

and 
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n 


So Ito Formula gives 



— (n 


^\x\\yr 


d$(t) 


il-Rit)) 


(i-^y 
V Rit) ) 


dW 2 {t) - in 


Al-R{t)f , , 


□ 

The following lemma will be useful in the next sections. The proof is standard and is 
omitted. 

Lemma 2.4. Let W = (fFi,hF 2 ) be the 2-dimensional Brownian motion. Suppose that \h(t) is 
a real measurable process adapted to R{W{t)) such that for every t > 0, E^IJq 'h^(s)(is] < oo, 
X G and Y(t) be square integrable process adapted to R{Wi{t)). Then we have 

E^[Y{t) [ T(s)dfF2(s)] = 0. 

Jo 

3 Poisson kernel of the ball 

Consider a ball D = {x E D” : |a;| < r} for some hxed 0 < r < 1. Recall, using the distance 
formula, that D is a hyperbolic ball with center at 0 and the radius | log Define 

td = inf{t ^ 0 : X{t) ^ D} = inf{f ^ 0 : |X(t)| ^ r}. 

By Pr{x,y), X E D, y E dD = Sr we denote the Poisson kernel of D, i.e. the density of the 
harmonic measure defined by = P^[X{td) E A) for every Borel subset A (Z Sr and 

X E D. 

Let U be an orthogonal transformation that leaves the starting point x hxed. It easy to see 
that the processes X^ and U~^{Xt) have the same distribution under P*. Thus, for each Borel 
set A C Sr 'we get 

P%X{td) E U{A)) = P^{U-\X{Tn)) eA) = P%X{td) E A). 

Consequently, the harmonic measure is AS measure with axis x. It follows that the Poisson 
kernel Pr{x, •), as the density function of the harmonic measure, is AS function on Sr with axis 

X. 

Below we identify the Poisson kernel in terms of its Gegenbauer transform. We give explicit 
formula for its Gegenbauer coefficients. 

Theorem 3.1. For |a;| < r we have 

EvP(1>(to)) /|x|y u(|xp) 

c«(i) V r J nxo • ' ’ 


with /c = 0,1,2,.... 



Proof. We define 


V{t) 

Z{t) 


exp( / q{R{s))ds), 

Jo 

ipmt))V{t) = [ q{R{s))ds), 


( 12 ) 


where q{x) = k{k + n — 2)-^^-^ and q){z) = {z) is the Gegenbauer polynomial introduced 

in Preliminaries. Observe that the process V has bounded variation sample paths so we obtain 


dV{t) = q{R{t))V{t)dt. 


The ltd formula yields: 

dZ(t) = y(4,)r(«)rf4>(«) + »>(4>,)rfr(i) + l/(4t)r(«)rf(4>>(i) 

= y(4,)r(«)(i - R(t)) " <*1^2(4) 

+ V'(4)h^j||^ ((1 - - (n - 1)4,/(>!>,) + k[k + n- 2Mt.,)) dt. 

Using © we obtain 

dZ{t) = y(4>,)V'(«)(l - R(t)) ’ dW^(t). 

Denote 


Tn = inf{t > 0; R{t) ^ l/n}. 

Since R{t) > 0 we obtain Tn —> oo. 

From the dehnition of Zt and the previous equality we obtain 

( rtATnAro 

Z{t A T„ A Td) exp(- / q{R{s))ds) 

ptATnATD / ptATn \ 

= ci^\l) exp{-J q{R{s))ds) + E^ iv-\tATnATn) J ^{s)dW2{s)U 

where ^ 

4(4) = - R(t)) " ■ 

Since td and T„ depend only on Rt (i.e. lUi) we can use Lemma 12.41 to show that the last 
expectation is equal to zero. Moreover, since t ATn A td tends to r^) as t —> cx) and n ^ oo, and 
the functions ATn Atd) and exp(— q(R(s))ds) are bounded by a constant, we 

obtain (using dominated convergence theorem) that 

( 13 ) 

where e-g^To) = exp{— q(R(s))ds). 


9 







Observe that the function = Eye-q{TD) is by definition the gauge function for the 
Schrodinger operator based on the generator of the process Rt and the potential {—q)- Ac¬ 
cording to the general theory (see EEZ!) the function (j) is the solution of the appropriate 
Schrodinger equation. Using m we obtain the following formula for the generator of Rf. 

4(1 — x^x-^ + 2(1 — x)((n — A)x + n)-^. 

dx^ dx 

Hence, (j) satishes the following equation 

f 1 — 

4(1 — xYx(j)"{x) + 2(1 — x){{n — A)x -|- n)(j)'{x) — k{k + n — 2)-^- (j){x) = 0 (14) 

X 

on (0,r^]. Let (j){x) = x^g{x). Then (j)'{x) = g{x) + x^g'{x) and (j)"{x) = g{x) + 

_2 k 

kx^~g'{x) + x^g''{x) and consequently m reads as 

a;(l - x)g"{x) + {k + ^-{k-^ + l)x)g\x) + k^g{x) = 0. (15) 

This is the hypergeometric equation with parameters a = k, f3 = —p and 7 = k + The 
general solution of (USD is given by 0 and we infer that 

(j)(x) = x^ (^Ci ■ Fk{x) + -^^Gkix)^ ■ 

By definition (j){x) is bounded and (j){r‘^) = 1. Therefore C 2 = 0 and the other condition gives 
the normalizing constant 

1 

This completes the proof. □ 


Theorem 3.2 (Poisson kernel formula). For |a:| < r, \y\ = r we have 


Pr{x,y) = 


r( 


27r2 r"-' 


tE 


A:=0 


k + p 
P 


mp) 


Ffc(r2) 


^^(cos^). 


(16) 


Proof. It is easy to see that the terms of the series (uni) are continues functions of y. We will 
show that the series is uniformly convergent on the sphere Sr- Indeed, we have for every |x| < 1 


Fk{x)\ ^ 

j=0 


i.F)j |( d)il | I? 



I(-P). 


\x\- 


< 00 


and using the above inequality and uniform convergence we obtain that 

00 


i=o 


lim Fk{x) = 


-P)j 


x^ = (1 — xY- 


Moreover, ae a eorrsequenee of the relation B*(e_,(r)) = (M) S01, we get n(r^) # 0 for 
every fc G N. Thus there exists a constant c = c(r, |a;|) such that 

Fk{\x\^) 

Fk{r^) " ■ 
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From this and © we obtain 



Applying the formula for we obtain = {n + k — l)/{k + 1). Using 

Ratio Criterion for convergence of power series we infer that the above series is convergent 
for |a:| < r. Consequently, the series (USD represents continues function of y which is axially 
symmetric. Using (j^ and (ED we can check that the Gegenbauer coefficient of that function 
is the same as the Gegenbauer coefficient of the Poisson kernel computed in Theorem Id. 11 The 
desired equality follows from Theorem 12.21 

□ 


4 Green function of the ball 


Let {X[^, P^) be the hyperbolic Brownian motion killed at the boundary dD. The Green 
function of D is dehned by 

poo 

GD{x,y)= p^{x,y)dt x,y e D, x^y. 

Jo 

where p^{x,y) is the density function of P/^. Similar arguments as in the case of the Poisson 
kernel show that 


P^UiA)) = p^it < TD-,Xt e U{A)) = P^(t < TD;Xt eA) = P,^{A), 


for each orthogonal transformation U such that Ux = x. Thus, the Green function G^lx, ■) as 
a function on the sphere Sr, 0 < P < r, is AS function with axis x. Recall that its Gegenbauer 
coefficient {Gd)^,{x, R) is dehned by 


Gk\l){GD)k{x,R) = - [ Glf\cose)GD{x,y)daR{y), x 0. 

UJn-lXi Jsji 

Here cos 6* = Observe also that {Gd)^{x, R) = (Gi 5 )^(|x|, P) = {Gd)^{R, |x|). So from 

now on we write {Gr))f^{\x\, R). Moreover, in view of the above-mentioned symmetry, it is 
enough to determine {GD)f,{\x\, R) for |x| < P. 

Theorem 4.1. For \x\ < R < r we have 


iGD),{\x\,R) 


Gr, 


p 


k + p 


x\’‘Fk{\x\‘^)R^ 


Gfc(P^) 

Pl2k+2p 


Gkjr^) Fk{R^) \ 

^2k+2p ■ Fkir"^) ) ’ 


where Gn = 

"■ 47rT 

Proof. Let (Pf,P/^) be the process Rt killed at the boundary of P = {x G (0,1) : x < r^}. 
Observe that Pf = and rp, = tr. Let Zt be the process dehned in (fT^ . The same 

arguments as in the proof of Theorem Id. II show that 

E^[t<TnATD;h{\Xf^)ip{^t)] = E^[t<TnATD-,h{\Xt\‘^)Ztexp{- [ q{Rs)ds)] 

Jo 

= Gi^\l)E\^\"[t <TnA td; h{Rt)e.,{t)]- 
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for every bounded Borel function h. We have, as before, T„ —»• cx) so letting n —>• cx) we obtain 


It means that 

{PFU)(x) = d'\i)TS(\A\ 

where h{x) = /i(|a;p), ip{y) = (px{y) = {Tp} is the killed at dD = {r^} Feynman- 

Kac semigroup based on the process Rt with the potential (—g). Consequently, 


{PPh(p){x)dt = Cr{l) I TPhi\x\Pdt, 


dp) 


Di 


and 

{Goh^)(x) = cF\l)Vt,h{\x?), ( 18 ) 

where Gd is the Green operator for the process Xt and the set D and is the Green operator 
for the semigroup {Tf} and the set D. 

Integrating in polar coordinates we have 


{GDhip){x) = / Cjf\cos9)GD{x,y)h{\y\Pdy 


' D 


and 


KRP{ / Gp\cose)GD{x,y)daR{y)}dR, 
Jsr 


VbH\x?)^ h{y)Vi,(\x\\y)dy^ h{R^)Vt,(\x\\HF'iRxtR. 


(19) 


( 20 ) 


Now, comparing (Uni), (HD), (UHl) and applying the standard continuity arguments, we obtain 


(Gy),(|i|,fl) =- ^^.VilxWR^). (21) 

an-l-tt 

Since the g-Green function Vf){y,Rp is g-harmonic in y, for 0 < y < R and for R < y < r 
(see ra), we obtain that 0(g) = Vf){y, Rp is a solution of the same Schrodinger equation as 
in the case of the gauge function in the proof of Theorem Id. II and the same computations as 
before lead to the hypergeometric equation m- Thus, on each of the intervals (0,i?), {R,r], 
we can write 

V■g(|x|^/^2) = |x|'=(^Ci(l;,fl2)F,(|ip) + Hh^Gi(|ip)) . 


We have lim|a,| 2 ^r 2 Vi){\x\^, Rp = 0. Therefore, for i? < |x| < r 


Vf,{\xf,RP = c{k,RP ■ \x\^ 


Gr{\x\^) 

I ^ I ‘2k-\-‘2p 


Gkirp 

ip‘2k-\-^p 


Fk{\x\p \ 

Fk{r^) ) ■ 


As a consequence of the symmetry property of {GD)k{\x\, R) it follows easily that for |x| < R 
we have 


iGD)P\x\,R) 


{GD)kiR, \x 

1) 

2 

■ kP) 

UJn-l\x\^ ^ 


2 c{k, \x\p 

, fG,{Rp G,{rp 

a;n-i|a;0-2 

1 j:^2k-\-2p j>2k-\-2p 
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Fk{Rp \ 
Fk{r^) ) ■ 















To find c{k, |a;p) we use relation between Green function and Poisson kernel. Due to Green’s 
theorem on hyperbolic space we can obtain the Poisson kernel by differentiating the Green 
function in the normal direction (see Q, page 174, theorem 8), i.e. for any y E Si we get 
Ry) = (1 — r'^)'^~‘^Pr{x,ry). Note that the factor (1 — appears because 

we consider the Poisson kernel as a density with respect to the Lebesque measure ar (not with 
respect to the hyperbolic measure on the sphere). By bounded convergence theorem and (jllj) 
we obtain 




d 


R=r 


iGo)M = ( ~ 


'Si 


R=r/ J Si 

d 


dR 

(l_^2)n-2 
(1 _^2)n-2 


R=r 


'Si 


^n—1 


Cjf\cos6)GD{x, Ry)dai{y) 
(cos 6) Gd {x, Ry)dai {y) 
Gl^\cose)Pr{x,ry)dai{y) 
Gjf^ {cose)Pr{x,y) dar {y) 


(l-r^) 


2\n-2 


1 ^ ^ ’ PFk{r‘^) 


x\^Fk{\x\ 


On the other hand, using ©, we have 


d 

dR 


f G^m Gfc(r^) Fkm \ 2(1-r^) 

R=r \ ' Fk{G) 


2\n-2 


r-n —1 


k + p 
Fk{G) 


Thus 


2 c(fc, |a:p) 


^n —1 \ ^ 


n—2 


= Gr, 


P 


k + p 


\x\'^Fk{\x\ 


The proof is completed. 

Theorem 4.2 (Green function formula). For |x| < \y\ we have 


□ 


k =0 


( Gk{\y\^) 


Gkjr^) 

/p 2 h-\- 2 p 


Fk{\ym 

Fk{G) ) 


Gt\cos 0 ). 


( 22 ) 


Proof. We will consider both functions in (1221) as a function of y on the sphere Sr where 
R = \y\. We now prove, under the hypothesis |a;| < \y\, that the series is uniformly convergent 
on Sr. Indeed, it is easy to see that there exist constants Ci = Ci{n,z) such that \Gk{z)\ ^ Ci. 
Moreover, we already know that \Fk{z)\ ^ C 2 and \Fk{R‘^)/Fk{r‘^)\ ^ C 3 where 02,03 do not 
depend on k. Thus the norm of the series is bounded by 



Since the terms of the series are continuous functions of y, the series represents continuous func¬ 
tion on the sphere Sr which is AS. Its Gegenbauer coefficients are the same as the coefficients 
of the Green function computed in Theorem 14.11 This completes the proof. □ 
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5 Examples 


In this section we provide an explicit integral formula for the Poisson kernel, under some 
additional conditions imposed on our hypergeo metric functions F^. We collect these conditions 
as Conjecture 15.11 and 15.21 Checking the validity of these conjectures we compute the exact 
form of the integral formula for the Poisson kernel on and D®. We also give an integral 
formula for the Green function in these two cases. 

We will need the following representations for the classical Newtonian potentials and Poisson 
kernels on M”: 


\og\x-y\ ^ 


1 f \ I \ ^ 

log|2/r^+2^ C'r(cos0), 

OO X I I X fc 


— \x\^ 
\x — yY^ 


k =0 


k + p 
P 



kl < \y\, 

(23) 

x\ < \y\, n ^ 3, 

(24) 

a; < r, \y\ = r. 

(25) 


It is easy to obtain the hrst two formulas using the generating function for Chebyshev and 
Gegenbauer polynomials respectively. The last one is the consequence of (!21 and the relation 
^ C\f^{x) = C\f^^\x) — where Cjf\x) denotes zero if k is negative. When n = 2 

so p = 0 we obtain kCf\x) = C'^\x) — Cj^l 2 {x), with the same convention as before for the 
meaning of negative indices k. From these relations and (i2nD we obtain 

l |2 OO /||\^/||2 1 - i \ 

41og|x-,|-‘ = 41ogM->-l^-2g(M) (1^—--jcW(cos»). (26) 


To simplify our notation we introduce the following notation: 

It is well-known that this is an entire function of complex variable k. Observe that 

Fk{\xY) _ f\x\^{k) 

F,(r2) “ fy2(fc) 

for fc = 0,1, 2,.... We also define the function F[\x \2 ,^ 2 {k) by the following equality 

k +p f\x\^{k) _ (l-\xYy (k +p n ^ fy - fyp ^ 

p fr2{k) V P 2 (l-r2)(l-|x|2)J + (l-r2)-2 

To proceed further we require two essential properties pertaining this function. First of all, the 
function is supposed to have the following property: 

H^^^ 2 j. 2 (k) = 0{k~^) when |fc| —>• cx). 


This property is a consequence of the following asymptotic expansion for the function F^, which 
we state in the sequel as the hrst conjecture 
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Conjecture 5.1. 


F{k, -p; k + --,z) = {l-zr + ^ ^(1 - + 0{k-^). (28) 

Observe that Conjecture 15.11 holds true for even n as a consequence of the well-known 
relation for hypergeometric functions 

F{a, (3] 7 ; z) = {I - z)~^F |^7 - a, (3- 7 ; • 

The above relation for odd n is satished only for 0 ^ ^ | and we do not know if the above 

conjecture is satished by the function F^. for odd n. 

The next conjecture, together with the hrst one, enable us to invert, in the sense of Laplace 
transform, our function ^ 2 . We formulate it as follows: 

Conjecture 5.2. Fk{z) as a function of (complex) variable k has no zeros in the region ^ 

—n/2 — e}, with e = e{z, n) > 0. 

We now assume in the sequel that these two conjectures hold true. Then we dehne a 
function w\x\^^r^{v) as an inverse Laplace transform (see, e.g. jPj) of the function H\x \2 j. 2 (k) and 
consequently we get 

POO 

H\^\2,.2{k) = / e~’^'^w\x\2^j.'^{v)dv (29) 

Jo 

for every complex k such that 3?(fc) ^ —n/2 — e. Now we can prove the following integral 
formula. 


Theorem 5.1. Under assumptions as in Coniecture \5.1\ a,nd \5.‘z\ we obtain 
Pr{x,y) = 


r(f) 

.2 _ 

\x\ 

2 

/■“ W|^| 2 ^^ 2 (n)L(x,p,n) 

27r^r(l — r2)"-“2 

X — 

y\ 

" J 

0 

— 2/ 


dv 


where 

L{x, p, v) = \xe~^^‘^ — ■ ph{x, y, n) — |x — pp \\xe~'"^‘^ — — \x 

h{x,y,v) = — |a: — = |a:p(e“'^ — 1 )-I-r^(e’'— 1 ). 

Proof. Using (fT^ and (EH) we get 


(30) 



Pr{x. y) ^ Ai - A 2 + B, 


where 


Ai 

Ai 

B 


r(t) 1 

fi- 

X 

n 

y^k + p\ 

X ' 

n 1 I 

2 yr 2 T-fi-i 

U- 


'■) 

p 

k=0 ^ 



cjf\cose) 


r(|) n{r‘^ — |a;p)(l — \x\^y 


2,71 2 


2(1 -r2)p+i 




k=0 


r( 


\x\ 


271 2 (1 _ ^2)n 2/-^ J- 
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To deal with the series Ai and A 2 we use and (1^ respectively and obtain 


Ai = 
A 2 = 


r(^ 


1 — \x 


2 \ P 2 II 

^ \ ^ r — X 


27rtr \ 1 — J |x — 
r(|) n (r^ — |xp)(l — 


27r2r 2 (1 — r'^)p+^ 

We write B, using dSHD, the Fubini’s theorem and (121 , as 


k - y\ 


n—2 * 


B = 


r( 


2 00 , , 


‘ 2 'Jl 2 


• a_r^)n-2 j2 -^{ / Ci^\cos9) 

\ ) \J 0 / 


r( 


\x\ 


\xe 


—V I k 


27 r 2 r” ^ (1 ~ 

r(|) r 2 -b| 


n—2 


' E 

° fc =0 
W\x\2^r‘^{v)dv 

2 'K^r (1 — 7o \xe~'" — 

Summing up Ai — A 2 + B we obtain 

Pr{x,y) = 


Cjf'^ (cos 6 ) ia|a;|2 ,.2 {v)dv 


r(f)(r2-|xp) 

[(1- 

NW-bPr 

1 

1 

to 

1 

1 

to 

1 

27r?r(l — 


\x — yY 

1 

k:) 

1 

1 

to 


+ 


roo Qp'>^iu^^^2 j.2{v)dv 

I 1 _ 2 . ~\ 9 

'0 \xe 2 — ye 2 1 "--^ 


Recall that h{x,y,v) = \x\‘^{e — 1) +r^(e’' — 1). Using (|2n|l and (j27j) we get 


/ e^’'M;|^|2^^2(n)dn = H{-p) = ^ {1 - \x\'^y ^{1 - r'^Y ^ 

Jo ^ 

poo 

/ e'^‘"h{x,y,v)w\x\‘ 2 ,r'^{v)dv = \x\‘^H{—p + l)+r‘^H{—p—l) + {\x\‘^ + Y)H{—p) 

Jo 

(1 — |a;p)^(l — 

•) 

P 

where H = iJ|a .|2 ^2 is the function defined in (EZD- In the last equality we use the following fact 

|2 /|a:P (~P + 1) _ 


\X\ 


= r 


which is a consequence of 




/^2(-p+l) /^2(-p-l) 

1 


r(f + i)r(f + 2) p(p + i)-^Q r(i + i)r(z + 2) 


E 


{-p)i+l{-p - 1)*+1 i+l _ fz{-p - 1) 

>2 — 


p(p+l) 


Thus hnally we get 
Pr{x,y) = 


r(i) 

J.2 

— \x 

2 

~ poo 

pe^h{x, y, v)w\x\ 2 ^r‘^ {y)dv 

^oa ^P^yrj^^^2 r2{v)dv 

27rt 

r(l - 

- r^) 

R — 2 

Jo 

1 

3 

Jo 

\x — yY~‘^ 

W 

00 ^pv 

W\x\2 

^r2{v)dv 




Jo 

\xe 

2 — 

ye2 

1 n—z 





r(f) 


J.2 

— \x 

|2 eP^L{x,y,v)w\x\2^r^ 

{v)dv 



27r 2 r(l — \x — y\^ 


\xe 2 — ye 2 


I n—2 


r(i 


r — \x 


2 noo 


27r 2 r(l — \x — y\'' 

This completes the proof. 


L{x,y,v)w\^\2^^2{v)dv 
\xe~'" — 


□ 
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Corollary 5.2. If n = A then w\x\ 2 ^r'^{v) = e and 

Pr{x,y) = 


1 r 

.2 _ 

X 

2 

/■“ [|xp(e ’'-!)+ r2(e’' - 1)]2 W|^| 2 ^^ 2 (n) 

271-2^(1 _ .^ 2^2 

\x — 

y\ 

^ J 

0 

xe“'" — j/ 2 


dv. 


Ifn = 6 then w\^\ 2 ^r^{v) = , where 


W|^ 3 ,| 2 ^r 2 (v) = 3 [l - + 3(r^ - |a;p)] e cosli(cu) 

e-bv gi]2h(^ci;) 


wj^3,|2^r2(f) = -3 [l + |a:pr^ + 5(|a;|^ + r^)] 


2c 


anc? 


hence 


L{x, y, v) = [|a;f (e ’' — !)+ r^(e’' — l)]^(2|a;e 2 — yc^f + \x — y\ ), 


Pr{x,y) = 


1 r2 — 

X 

2 

f°° L{x,y,v)w\^\ 2 ^r^{v) dv 

n^r(l — r2)4 

X — 

y\ 

® J 

0 

\xe~'^ — y\^ 


where b = 2 (T^> c = c(r) = ' 

: n = 4 we have Fk{z) = 1 — 
that Coniecture 15. II is valid in this case. We also have 


Proof. For n = 4 we have Fk{z) = 1 — z = — (see Preliminaries) and it is obvious 






2 + k{l-r‘^) 


and it is analytic function of variable k in the region {3fJ(fc) ^ —2 — e} for some c > 0 because 
the denominator has only one zero ko = — . Thus we can use Theorem 15.1 1 We have 


L{x, y, v) = [|a;| (e - 1) + r (e^ - 1)] 


and all we have to do is to find the function tC|a ,|2 ,. 2 (n). We compute it using the residue method. 
We have 


ReSkoH 


lim {k — kQ){k + 1) 

k^ko 

lim (k — ko){k + 1) 

k^ko 


Fkilxn 

Fk{r^) 

2 + k{l — |a;p) 

2 + fc(l-r2) 


and consequently 


For n = 6 we have Fk{z) 


Uc 


1 — 


■ 2 


1 + 

I — F 


W\x\^,r^{v) = 2 


1 + 
1 — 


1 — z -I- 

fc+3 ^ ^ (fc+3)(fc+4) 


k{k+l) ^2 


2 v 

e 

and consequently 


k + 2 Fk{\x\'^) k + 2 /c(/c + 1)(1 — + 6fc(l — |xp) + 12 

Ffc(r2) “ ^ A;(A; + l)(l-r2)2 + 6fc(l-r2) + 12 

Zeros of the dominator are given by fci = — 6 — c and k 2 = —b + c. It is easy to check that 
Conjecture 15.21 is valid also in this case. We have 


L{x,y,v) = [\x\‘^{e — 1) + r^(e’'— l)]^(2|a;e 2 — j/e2+ |x — 
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Observe that 


2\4 


Res kiH + Res k^H = 


k 2 -‘ 


(1 — r^) 


— \x\ 


k + 2 Fk{\x\^) , , ^k + 2 Fk{\x\^) 

hm [k - ki)— - ^mFT + ~ ^ 2 )' 

k-^ki 2 Fk{r^) k->k2 


2 Fk(r^) 


= 3(1 — + 3(r^ — |a;f)), 


2\4 


Res kiH— Res kr,H = 


k 2 ^ 


(1 - F) 


— \x\ 


W) +2 W) 

fc^fci 2 Fkir^) k^k2 


2 Fk(r^) 


= —[1 + |a;|^r^ + 5(|a;|^ + 


2 I 2 

I ^ 


Thus we get 


1 1 

w\x\ 2 ^r'^{v) = - (Res kiH + ResfcjiJ) cosh(cu) + - (Res k^H — Res k 2 H) sinh(cu) 


— '^|^a;P,r2('^) +'W^fa;P,r2('^)- 


The proof is completed. 

Note that the polynomial — 14r^ + 1, which appears in the dehnition of the function c(r), 
has zero in the interval (0,1). More precisely we have 


— 14r^ + 1 > 0, 
r* — 14r^ + 1 = 0, 

— 14r^ + 1 < 0, 


0 < < 7 - 4^3, 

r 2 = 7 - 4^3, 

7-4^3 < < 1. 


If = 7 — 4v^ we have c(r) = 0 and consequently 

w\x\2^r'^{v) = [1 — r‘^\x\^ + 3(r^ — |a;p)] e~^ ~ + 5(|a;p + r^)] 


ve 


—bv 


In the case 7 — dv^S < < 1 the function c(r) has pure imaginary values, i.e. c(r) = ic{r) 

where 

y/\r^ — 14r2 + 1| 


c(r) = 


2(1 -r2) 


Thus we have 


w\^\ 2 ^^ 2 {v) = [1 — + 3(r^ — \x\‘^) e cos(cn) — [l + \x\‘^r‘^ + 5(|a;p + r^) 


e sin(cn') 


2c 


□ 


In the following corollary we provide the integral formula for the Green function in D^. 
Corollary 5.3. For n=4 we get 


GD{x,y) = 


47r2 

-4 




_\x-y\‘^ \y\^\x-y 


*12 


log 


log 


\x-y\ \y\\x-y 

2 _ 

where tCja-p ,, 2 (n) = 2 j^ e and y* = 


+ (r - |a;| )(r - \y\ ) 


(31) 

7“ W| 3 ;| 2 ^,. 2 (n) dv 

/o \y\‘^\xe~'^ — y*\^ J ’ 


9 

_ r^y 


18 



Proof. For n = 4 we have Go{z) = ^ + z + 2 \ogz and Gk{z) = 1 
n = 4, we obtain 


^ ; 2 . Thus, using ^ for 


G'd(0,i/) Godi/P) G'o(^^ 


= — “ bP+ 41og|?/| - — -41ogr. 


Ca bP r 2 |j /|2 

where C 4 = Elementary algebraic computation shows that 

Gz)( 0 , ?/) 


a 


(i-N^)(i-HV ^ + 4iogM 

\y\2 +|^| 2 + 


(i-m(i-br) I kPbP I 1 +^' ..2 


(r^-kP)(r^-| 2 /P) 


= c — d. 

For n = 4 the formula (El takes now the form 


Gn^x^y) _ Gnif^.y) 1 

\y?^,\\y\) ^ 


Ga 


^ 'x\^){l-^^^\y?)G'i\cose) 


k + 2 


k 


1 


^2 ^ ^ 


^ fc=i 


\x\\y\ 


(1 - T^kitd - ^d) ':-^'"' cp(co.9) 


fc + 2 ,,( 1 - 


k + 2 


k 


(1 - 


Gpjx.y) 

Ga 


+ C-D = (c + C)-(d + D). 


Put 




f\y\'^+ {k) 


1 _ k 2 
^ k +2 


9\x\+y\^{k) = (1 


k ' \2\ k + 2 2 \ 

^1 )(i— i—\y\)- 


k + 2 


k 


Then we have the following relations 


4,v.W = 


1 — 


(1 — k + jf 


2 ’ 


9\x+\y\^{k) = (1 - |a;p)(l - ll/p)+ 2 


kP M 

k + 2 k 


5'|a:P,r2(^)/|i/P,r2(fc) = (1 


k 


kr)(i 


fc + 2 2^ 1 fc_,_2 \y\ 


k + 2 k 

Observe also that the right-hand side of the last equality is equal to 


1 - —r"^ 

^ k+ 2 ' 


^2^,^ L.l 2 ^ , 2 |a;p/|yp,^ 2 (- 2 ) 2 r 2 /|yp,r 2 ( 0 ) . (r^ - ||/p) c/|xp,r 2 (^; 


(l-|a:p)(l-||/p) + 


= (l-|xp)(l-||/p) + 2 


{k + 2) 


k 


(l-r 2)2 /c+^ 


Ixpbp 


2(1-Pr^) (r^ — |a;p)(r^ — ll/p) 


- 2 — - 


r‘^{k -P 2) k r2(l — r2) 


k -P — 

1—r 


(32) 
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Thus we get (c + C) = Ci + C 2 and (d + D) = Di + D 2 — D 3 where 


Cl = 






E 


k=0 

2 



C 2 - 41og|?/| + ^ + 2 ^ ( — 


Cf^(cos 0 ) = 


Ixr 1 


^Vbl/ \\y\^k + 2 


\x — y\‘^ 

Cf^(cos0) = -4log' 


x-y\' 


The first equality follows from and the other is just (I2hll . Similarly 


Di = 


(1-iip)(i-isp) AOiiisiV^d) 


E 

k=0 


\x\^\y\^ 


D 2 = 41ogr + 




Cl ^{cosO) = 




(l-|x| 2 )(l-|i/|V 


\y\‘^\x - y 


* 12 


^2k 


k=l 


C k + 2 k 


^ (^^^^(cos^) = -4 log 


\y\\x-y*[ 


To deal with D 3 recall that e 1 -”^ e ^'"dv = ^ S ■ Consequently 


D. 


2(1 + 2 I |2^,' 2 I |2^ ( 

( 1 _^ 2 ) (^ -|x| )(r -I 2 /I 


x\\y\ 


= 2 


2 ( 1 + r^), 2 

- (r 

r\l-cy 

2(1 + r 2 ) 

r‘^(l — C) 

1 + 


/c=0 

CXD 


k + j^ 

1—r 


Ci^^(cos 0 ) 


- - bHE 


/c=0 

roo 


-\x\y{y-\y\y 



e i^e '^'"dv) Cl^\cos6) 
C^\cos6)e 1 -”^ dv 


{r^ - - \y\y 


e 1 -’’^ dv 


1 — C Jq \y\‘^\xe~'" — y*]"^ 

Now summing up all the components we hnally obtain (jTTj) . 

It is also possible to obtain an integral formula for the Green function for n = 6 . 
Corollary 5.4. For n = Q we have 

1 


Gnix^y) = 


{l-\xmi-\y\y^ 


dvr^ 

-6(l-|a;p)(l-|l/P) 


-1 

1 

1 - 

1 - 

1 

1 

-1 

* 

1 

1 


_\x-y\‘^ \y\‘^\x-y 


* 12 


+24 


log 


1 


- log 


x-y\ \y\\x-y* 


- 12 


(r^ — \x\y(r^ — \yy) 


\y\^\x — y*\^ 


+Q{r^ - \x\y{r^ - \y\y 


1"^ Wi^l2^^y^2{v)dv 

lo \y\^\xe-^-y*\^J ' 


□ 


where 


W\cc\2,\y\2{v) 


fiix,y)e ^ 


cosh(cn) + f 2 {x,y) 


e sinh(cn) 
2 ( 1 -r 2 )c 
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and 


fi{x,y) = 

f 2 {x,y) = 


1 + 


1 _^2V 

2 ( 1 + 1 !) 
1 — 


(1 - |a;r)(l - M^) + 2(1 - IxHl/P) - 2(1 -/) 


-(1 - |a;n(l - li/H + 2(1 - Sr^ - 2r^)(l - \x\‘^\y\‘^) - 2(1 - re¬ 


proof. We will show only some main steps of the proof of the above formula and explaining all 
details are left to the reader. Recall that for n = 6 we have 

, , 2k k{k + 1) 

^ ^ “ 1+3 ^ ^ (A; + 3)(A; + 4) ^ 


2{k + 4) ^ {k + 3){k + 4) 
k{k + i) "• 


Thus we get 


F,{\x\^)G,{\y\^) = (l-|a;n^(l-|l/P)2-6(l + |a;p)(l + |l/P) 

+12 (\yl - 

^ V ^ k + Aj 

= {l-\xmi-\y\^f-Q{l-\x\^){l-\y\^) 


2 \xm 


_M!_^ 

k + 1 k + 3 


_M!_^ 

k +1 k + 3 


Fu{\x\^)Gk{r 


2 .F)M 1 

^ Ffc(r2) 


\k{k + l) {k + l){k + 3) {k + 3){k + 4) 

= {l-\xmi-\y\^f 


- 6(l-|a;p)(l-||/r) 
/ 


kPbP 1 


' ' '^''[k + l r2 k + 3\ 

2|a;p|l/p 1 

k{k + l) ~ {k + l){k + 3) r4 {k + 3){k + 4) 

I ir)/ 2 I 12',/ 2 I 12', 1 

+ 12(r -H)(r - 1,1 ) 


where 


+ -Ar^-lx^r^-mAk), 


T/,x ^ r, xl / 1 1 V f 2 {x,y) If 1 _ 1 

^ 2 yk + h + c k + b — c) 2c(l — A) 2 \k + b + c k + b — c 


Observe also that 


k - y\‘ 


\k+l 


i^FTs) ++os«) 


4 log lx-yl ^ = A\og\y\ 


2 |xp |x|^ 


X 

\k 

1 

xp 

\y\ 

T 

_k{k + l) 

\y? 


Ck\cos9) 
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and 



°° e cosh {cv)dv 


\y\‘^\xe~'" — y*\‘^ 
sinh {cv)dv 





2 \k + b + c 


k + b — c 


1 


^C'f^(cos0) = ^ 


\y\'^\xe~^ — y*]"^ 


Therefore using (I22|l for n 


6 we can obtain the desired formula. 
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